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h ABSTRACT

LI The polarization rotation is studied for radio signals received

from an artificial satellite in the ionosphere. A first-order analysis
is used which lead. to values for the integrated electron density in
the ionosphere. These values are compared with those calculated by
other means and with those obtained by other investigators, A new
parameter, the rate of polarization null position, is introduced as a
method for obtaining the electron density at satellite altitudes. The
methods employed in the analysis are outlined and additional means[ of improving the analysis are, dis&c-s sed.
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11 LIST OF SYMBOLS

(All units rationalized MKS where not specified)

NH = electron content in a colum n of height he and 1 square meter
11 in area

f = frequency in cycleis per second

he height of the satellite in meters

{1 1V Velocity in meters per selcond

T Faraday rotation null period in seconds, T'-

E = electric field of an electromagnetic Nxave

I e = electronic charge,

B. magnetic field density in webers per meter z

g 0 permeability of free apace

H magnetic field ,i ntensity in amperes Per' mete.r.

F force in Newtons

m mass of an electron

t - time in seconds

r instantaneous distance, f rom the satellite to the peint of
observation, i.e., range

.W 2wf

WH= angu-lar gyrom-agnetic resonance frequency, ZfH,1

SWo = angular plasma frequency, 2wf O,

N = number density of electrons in electrons. per meter 3

o= permittivity of free space

L 116 - 16 i
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Li
Y propagation constant (appendix only)

I] 0e = polarization rotation due to the Faraday effect in radians

S' = length of the mean propagation path in Meters,

= angle subtended at the earth's center by r

11 D = electric flux density

, = angle between the magnetic field vector and the direction
[1 of propagation

do = ele ment of actual propagation path length

dr = element of optical path length

dh = element of height normal to the earthi's surface

= angle between the direction of propagation and the zenith
at the satellite

-Z

KI, = constant equal to, 2.97 X 10 , rationalized MKS units

Ka constant equal to 2.3,1 rationalized MKS units

I = zenith angle of the propagation path at the earth.
observation point

M = H coo 4) sec 9 for a flat earthp H cos * sin(i- li),i n i - sin 4)
for a spherical earth

M = value of M at the satellite

C = velocity of light in a vacuum

fc= critical frequency at hm

hm = height of the maximum of the Fz laye r hmax

" = mean value of M (see Appendix V)

d0 - time rate of change of the Faraday polarization rotation

1116- 16 iv



N = number density of electrons at the satellite height

H , magnitude of the magnetic field at the satellite height

H 8 scale height (usually in kilorneters)

N o =Hmax - electron density at the maximum .of the Fz layer

II *s -angle between the magnetic field and the, direction of
propagation at the satellite

I. Y correction factor for neglecting higher order terms in the,
binomial expansion for 90 :(main body of the report only'),

SHnax SuN dlintegrated electron density to hm

NHP - integrated, electron density to h s computed from satellite
positions a minute apart assuming the dN/dh 1, 0

NTH theoretical value of the integrated ele;tLron density to ho based
on an assumed distribution N(h)

R = Na/Nb = ratio of ionization above F 2 max to that below

Y t height of the equidensity column having density Nmax and

total content NH - SHmax

'1116 16, v

Ii



'T TAB L E OF C0,N TENXMTS

A., INTRODUCTIONOFSNLFR UNY2

SATELLITE RADIO SIGNALS

1The First-Order Faraday Effect

,2. The Faraday- Rtetq of Rotation 5

-3. Second-Order Faraday Rotatioi :6,

C. PHYSICAL PARAMETERAS AND) CORECTI-ONS.

'TO THE THEORY 7

1.Physic-al Quantities an'd Relatiwoshipg 7'

2.Corrections and Discussion of the Theory-1

3.The Two-Point Uigh Pass_ Ap ximato 19)

D. EXPERIMENTAL RESULTS 20

1Integrated Electron Density to the Satellite 20

2. onizationi above the Fa laye r Maximum Z5

3. qquvaIent Heightsk of thle Ipopplptoqre 26

4., The -Effect of Magnetic Disturbance, on. 26

5.- The inte grated Ele ctron Denisity frrm -Lon.-g r
Periods of Observation 26,

6. First Order Determination of N 31
E. CONCLUSION ADRCOMMENDATIONS' 34

A CKNOW LEDGEKMENTS; 35

REFERE:NCES 16,

It116 16, vi



APPENDIX I -DERIVATION OF THE PROPAGATION
CONSTANT FOR AN IONIZED MEDIUM 41

APPENDIX II - DERIVATION OF THE FARADAY ROTATION
EXPRESSIONS UNDER THE QUASI-LONGITUDINAL,
AND QUASI- TRANSVERSE CONDITIONS 4,6

I * ongtudinal and Quaui- onpgitudinal Propagation 46

2. Transverse and Quail-Tranaverse, PropagaLo 4 9

APPENDIX III - GEOMETRY OF A SATELJTE PASS 152,

j} APPENDIX IV - AN EXPANSION OFTHEc EA RTH'S
MAGNETIC FIELD 157,

APPENDIX V - DISCUSSION OF THE MEAN VAL UES l4hM63-

APPENDIX VI - EXPERIMENTAL, EUIPMENT 65,

1116-1,6 vii



I?

Page, 'I of '69)

FI ONOSPHERI C STUDIES' uSING POLARIZATION

RLOTATION OF SATELLITE: R'A,I(O' SEGNVIALS

A. INTRODUGCTION

As, an ar-tificial earth satellitie travei throlugh the ionized
atmosphere of the eartkh, tihe ,dete,,tailbiiity of the object my be ltered

by i ts, interactkon with the ionosophere.i The magnitude of thislelf ect

is, related, to: the density of the electrons at sateluite altitude's. -t 'it
therefre., of interest to stdy the electr n, conte'nt in, the upper io.

sphere, in lordejr to be able, to assign realiatic vaiues to theoretical

m odels of slatellite-ionospherc icntetaction .s well as tfo foarn a sournid

expermental basi.s, for, the ther romation of the, co-mplete iotio-

sphere.

Mkny methods have beeni vusaed to measure the nurmber de.nity 'of

lectron, lying, above the maxitnu, of the F 2 layer: radio, star

refraction,, 1 1 Faraday pol-arization rotation, ,of luar re:f lecteld radio:

signalsj, pola rization, rotation -of artificial earth satellite, radio, signl, as''2-)

satellite doppler measure..mewts, radio, ablsOrption measrement,

radio refraction measurements, 1 ' dispersive dopplr mesurements,

direct mneasurementa, by Nati.,onal Aeronautic s and :Space Adrminist rati on, -

and various expei nt 1~grcket an Katlites.''1 A rathe r

complete historical record of the earlyI work is given by Evans.,'16 who,

al'so-coversa the radar ib cksicatter observation methods. All the above:

methods have yielde'd results as to. the electron densixty in the upper

ionosphe re, but the accu racy ofthe results is often ambiguous. This

ambgutyarises chiefly from two, factors: (1))' the ionosphere,) a vir-tual

seta :of mnoving particles, must usually b~e treated as -a .."q 'iet"" spLheri.cal

stratified region in- order to interpret results, aid (2), many approxi-
mations anid assu mptions must be made in analyzing, the results (e.g,

approximating the, ray path of a radio signal in te inosphjere) . Thesle

measure merit techniques, however, are tont inually being improvedL

and this report is primarily concerned with sgom e n.ew insightsi into

the method of an-alyzing thev rate of, polarization rotation, of a satel lite

silgnal in order to gain mo~re aL~ccurate ,eie~ctr'oni content valueso in the

uppe r ionosphe re .

Protationofa the

ionos phe re 'by Brown- et aL) in, luna r re-flectionh veasirrme'&,its,, This,

&11,161



group fret down the first order equation, to deteriie the eeC-troi conteht.

Bowhilll,-" soon after the advent of artificial satellites, rep~rted that
the rate of rotatilon, Is, under certailn as; subr-mp-ti-ont cbilstant for a

given-direction, of satellite motionl Bauer- and Mr4els 4 set down,
izproved equations for studying the. Fara.day polarization, rotation avid

ratte of polarization, rotation under rfore gepierall satellite, gemetries
and at two observation. points. This work was closely parallelled by
that of Airendt '" Extenrsive measurements, using the FParada4y rotation
rbnefhod have been reported by kame and Stuart, 3  G-Arlr L xttl 1'9 ILIttle
and Lawrnte, anid Yeh and :Swens:on. Thestemaue~tt have
provided prefimninary data on the totai electrbn ciontent :of the, ior-o-

aphere, its, dirurn-al anid seasonal variations., the effects, ofarpuriouis-
s'114a? ac-tivity-, and the exiteiatofaresc irgurte.

This, taabod~rtory hais worked on the, measuremenat Mfi~nomphevic
eldr~±dei~tiw ince: the-advenat of eath sate-'lli1tesl, prirmarily

through the work of Ham-ne. ,,!O 'The radikol sIgnals of. eIrth a±'llit:

l958a2 (Sputnik III) were used in order tol Obtain. rate~ of polarization

rotatOinarmet which led to early results! conce rniig, the
electlon-dentrity in the ionoasphere.- Models of the electron distribution,
ab: 0ve, t he F2, layer maximuawm w~ere, late r published by Hane And Sta, rt. J
The present report uats, the 19.9 904 Mc radQ: signal of199ItI

(JExplorer VII) to cont-inuie this previous, work with a more acourate

caIleullatikont of the integrated lelectron den~,sity.- A stud O the - easibility
,of obann lcr~dniisat the satellilte, altitule, is Also& descrilbde.

B. THE FARADAY POTATIioN OFP lSINGLE, -FRIEQU:ENfC'Y

SAT ELLITE - AD1: ILO NALIs

1The First-:Order Faraday EffetI

The -e latio nship. betwe-en, the Faraday polarizati-on. rotation, of

radiko signall origi -at,i-nm within, t'he ionosphere andit'he number idenity
of electrovis In the ion-oaphere, is given by the eqgtion:-

(1') ~ ~ ea e=-d-a- O N csd4 S N Hc ds+

The details of the derivation of Eq. (1) a re given in Appendice's I and,
I'I. Several major assumrptiorts a re implicit in Eq. (l): the gyro, -ma etic

('rqui~c, H'amd the critica frequency , are ass'uied muchI

smaller than- the ignia frequencyL) the qai1ntd'nlcondition
of pr~pa)g~tlW-n must exist (see App-enmdix 1), and the, ionoQsPherv isJ

116- il 16



Iassumed to: be spherically stratified. If the further assumption, its;
made that the frequency f is, high-eriough, that the higher order terms
iin Eq.- (1i)) can be, neglected, then, the pola rization rotti is git
simply by 

I 91Is gvl

jAn Alternative f orm of Eq. ((,-, whic'h is usefull iinstwm an-eousi iw

where it is, aswuned that dst sec d'h;, this is, the, sanne, as asuming
an, optical path an-d'a f lat ea rth stre the real rlAtiot4hip, between An,
optical path length and the satellite height f r a apeia erhi
shown in Fig.1, arid' is igiven- by

ds±sin i- sin

UAIing Eq. 04), a fit-st order form, f~&r the spheri-cal ea''th i's

(5)8 AL I, dh.

In deriving Eqs. (3)) and (5) f ron Eq. (2), it is ifor it t3, remnenm be r
that no ref ractioni lor path splitting-of the sjatellite signal a-s It passmes

-- through, the ionsplhere is taiken, into, account.

EV~io 3 and' Eq. (5) are usieful since the allow integration.

Iin. the directikon nrorrna I to the ea rth'sa surface. Since the numnbe r density
of electrorms is assumt11ed to dep end onily on, the altitade, h, it is con-

.veniont to put Eq. (3) and Eq.- (5)) into the, approxichate form

1 1116 &1 6, 3



ASatieI lite

[H, Magpetle Fie0d Veclor

Surface O04, rilho

ceunter Of Tihte Eatih

Fig. .eomer of a statfellite pasas.I

where Mis the, mean vallue of other factb~rs un4Wer the integral1 inI
q.()and 18q4 5) Obviously, MWill be slllightly dif'erent ,,o~ the

flat ea rth and sphe rical eaLrith cases, bu~t botha are of intere st in dealing
with satellite pass~ja~lg'es where the closest poinit of apprloacrh is, quite
claise to, the observing site. The details iof evalutinzgMae icse
ihi Appendix V, as well ais, the electron, den,ilty Ldis tri'bution.aissiumned in

appilying the, mfteani value theodremn.

Sintce the, integrated eilectron, density is gusJiuly of' kntereist,

Eq. '(6), ean be written. as

(7)-1 4im "1"i"-p1 dh



where '6' is, fou~nd expe rimwexta, ily and yiff nep~i'n& ~~ or
N~und'er all the r ~inmade in, developlxvng E.q (())

Z. The Faraday Ratq of Rotation

The use, of the polarization, 'met'had in the fdr'h of Eq. (7)) has
lirnaited use because, of the, wab~gity of the ntubmber of rotations of '6)
at a slagle, f requerrcy. It is necessa ry, the re f~ore, ,to fexarm-ine an t
afternate vnethd, ntaely t'he time, rate, of change, of the, poi&rization,
rotatibri of A atellite, radko' slignaal The mteticlex res, ikon, s1

giVen 'by diff- rexftlati~n, ;of Eq. (2)) which yielda

dt<0t

+ Nsj. ''l cols ) da

Anrother f'orm, assiurning am optical ray path,, ils the-derivative-o~f
Eq. ((6), and is;

dO 1  a- 5  ) S N . dh5

dt 'Ot &t&tl~

The, n ost useful for. (of the rate, of rbtatikon, 'however, is igivenl1 by the
ltegrati on, of Eq. 84)) 'by pa rts. to-Obtad-i

40 ~ ~ 1 al'rslhh

K41 8M5  "A (a) 1

t.O ULO 8 < '&h j~dl

+ MISN cos , is
s dt

whe re the subscr ipts., s, re f er tpq the yal es at the satellite.1,nae
igration of the negative terms in. E--. TlO) by parts puts t'his equation in,
a more straightforward fo~rm:



N- ~ dh +M i\ -dh + M NSts
Ki. dt 8t)5ISB- dt

is jN dh 8M'

En the derivation of E-,q. G1) atid, Eq.- (111), the fatt was wseid that N= 0)
whnh=0. It is obvikouithat Eq., (Ii ul'd'have beed obained furoz

E.(8) by dif fernitn Al digad sbrdigteprprtri.

Equation, (1' 1)~ is a idesirable& fo'rer Gof the first order, Faraday rate
of polarization, rotation isince the first threze termsr cai ftbe, consiee

toa yield, Approximate resultsi with t'he remaiing, termt considered asI
erjror. The first three termnl are -mucth simpiler to deal with than,
thosel of Eq. (8') anrid Eq. ('91) bvtase, n'w only one funiketri remains,
under the integiral in the first two t'er-rn', and Mfis, mauch easier to I
caliculate and can be fon roeauately than M' sc anelcto

distrilbution need not be asisurne'd. irt4at tlhe erroir te-rmbs 4re

not neceissarily srmaill.

3, Second-imOrder F~aaday ota#ion-

The first two ter-mis of Eq. k(imay be diffe reantate'd to y ieldl a
secon'd order expression, for the timlh rate, )f change of 'the polar ization

piltne.i Pe rforming this ope ration, d8/dt is given, by

--Y N r cos O)ds, + Hcos N _~

dt ift a't dst+

~' ~ N2  2ds
+t +INds N 8  co 8

it is important to examine Eq. (12-4, lin order to show when the f iirst
orerepresasion, Eq. (11)j, is, a good' approximation fo r de /1'dt. l

the details of this examination, however, are not presente'here., and
it is sufficient to, note that the constat ( Kz /f4,202 x 1,07 "3 (K1 /I2 )

at 210 'Mr is; relatively small enough tofnegate, any norim'al' contributions

1116- 16 (6:



of the hoat three, terms- On, this basisi, one can calculate the relative
contrilbution of the first anid fo-urth te rms, of Eq. ()asafunctioni ofIi eigt y clclatngthe, ratio, b which Is show vi - Fig., la where the
electron distrilbution with height is aisusrmed to, vary asl Shown, in
Flig. 3'a. T 1-he value of

is ,shown verse heigh in Fig. Zb. 'The relative c'bntri, utiko of the,
4th termm comnpared to, the first term of Eq-,. (12') is

Fo1Pu rth, t er I: r- 2.2- No 5 JFIrmt te rv i!

where N0 is the niaximulm electioint density' o he ionosphiere. Asumin4191
an example for iton, IN0o 1012l elettronas/(cubilc mete i,

when the signal o'rigi-nates, 715 km above thre Fz laer ma CM,
((h-hm 75T 'kmn iri Fig. 2a40).

(C. -PHYSI CA L PA RAMI-8T ERS AND; 0 RA E CTIFONS

TO 'THE THEORY

1.-,4 Ph0ialQantities ando Relationphiggi

As disceussed by Mitra, 24 ionized layers result froxzT the fact
that absorption of solar radiation penet rates an atMosipphere ft, which
the density ic reases with height.w Thus, the Absorption dec reae
with depth of attmosph ric pe.netration And a maximum point of ionizagtio n

isepected'., The Chapman theory 2S of 1aye r foarmat::io.-n. is tthe: most

,Gf electron nuber dejast with height is, gJIve'ni by

((13)) ~ N NNexp±{ Ze }

1'116.- 16 7
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Ii wherel

I-*

ih, heit fo the earth's; surfate

h'm height Qfaxi-musm ionizat

m" maxi Mu m n.umber densilty of eletromi at hm

H5 kT,'-/,m,g, scale, hieght

k #Boltzmann's, constant

Ta #abswolute temperatare,

fn masas of electron, and

g~~~ aclrion-of gravity.

The scale, height, Hs, is: usualy assume d to, be, ionstant it the,
(Chapma n, re!gion.,

Several numbersi for the scale height have beeni found experimentally
by as sluming Chapman distributions;! Yeh and Swenson's have reported
LH8= XKin-, W right2 has found 100 kin, anfd, tarot 6 hsfndH 5

615, km yields good agreement. with. experiment just above the mnaximnum
Vof the F2 layer.e The scale height, however, ise not,, In general, a con-

stant ith heght, but ac cording to recent studis2 ~~teinshr
is approximately isothe rmal above the maximum of the F2 layer. This
meanis the scale height variation, with altitLude is -I-erel proportional

-- to, the, accelera.tion of gravity, g, in the upper ionomphere.i The scale
hegtvariation, with tim e, howeve r, is g proportional to, the Asysh~ptmoticjtermperature, org9o , the in-tensity of the solar acttivity.i

In prvos esre-ments at this: Laborat ory,) 4" it was, found that

the Chapman ditriuto and a scale height increasing linearly with
height f rom the Fz la ye r maximum at a rate of 5 km per 400; kmn gave
good agreeme-rnt with measured re sults of integrated electron denity.

I This is the electron distribution Which is assumed in this report where
such assumptions must be made.i A typical noontime variation of the
ele'ctron density using this model is) shiown inh Fig. 3'a.

II11116 1 6 4
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The variation with timre of NH, as previously stated,, depends on
the solar activity having, certain regular periodsai of variation: diurnal.,
seasonal, and ssptclia.A typical daily variation, isl shown in,
Fig. 3b which, shows a twolm onth ave rage on the integraled electron,

density to i f inity, as calculated by Wright .and Fie. 0 , ' using i4o-

I soundings and a ISO kmn skeale height Chapnm-axndisitribution. - Samples of
seaisonal anid so Ia r mcyc lica I variatiA.ons, may be foundl in Mitra.,&2

In addition to the tirme and height v-riatio .o electron density,
horizontal gradients, exist in the ionosphere . 'These gradients Often
cause, se~rious error in experimental resuts6 &JT since the, Explorer VIII velocity relative lo the esaors s.rface is so high that the c ritical fre-
quency may change along, the line of sight to the satellite, by 3"0 to 40.%
in a few minutes- Urnde- these conditions a uniform, aspherkal stratI i vto of the, ionosphere, cannot be assumed, ankdl the integral of
N0,/8t term in E, ,( 1lay bec ome quite Iarge,F Now that the variatiom, of the electro umber density has beerA y

ditscussed, it is, in order to diapcusis som e of the othe r physical quant'ities
in Eq., (1). The factor Mg, for the flt earth approximation, is

where., to reite rate., Hs, is, the, magnit.de of the mg ncetic -field at the
satellite, O. is the angle, between the .agnet.ic.fieId vctor and the.
direction of propagation at the satellite, and 4 is the angle between
the direction of propagation and z enith at the satellite. Since the
magnetic field is assum ed to be stationary and constnt at a point
(see Appendix lV), and since the geometry will alwayls be constant for
.a fixed observation point (stee Appendix I1), contours for M. can be,
drawn. Figu.re 22 shows the, value of Ms fi±r three different satellite
heights aS a f4 ctikon azimuth and vertical angle from., Columbus, Ohio.

On insppc of Fig. 2.2 it isi obviousi that the tilme rate, :of change
of Mf , as, satelli1,te pal sses .over the obfservatio n, station is, ifor a fixed
velocity, A fiunction-of the direction. of travel and the, nearnes of approach.
An infinite variety of Ms- ver s s s-timie cu rves, is, of cQrse,, pos"sible.
Thtee typical _-xplorer VII passes are shiown in Fig. 4 and the geometriesl
are shown in F'ig. 'S.

The rate of change of the ath l ngth ,dstdt, for this report is, as-

sumed to be the change in the optical path le th or the time rate of
change of the actual range . This, assumption is valid if refra'ction and
path pittine g may be neglected; this %sually holds for eom-etries

wher c t'h zeith agle isa s~ma 11, as shown by Qrriott. hstm

rate of change, Qf range, oridial veloacity, is, always niegative on the,

11 6-1 6, 11,



IL -1E i-- 1w

F -- '

____A- 
j_

L __ _ __ I______ 7d

IIs

E_ J___ - - -A --- - l-0

i- i _ 
_ _ _ 

IT

_____ 
ICY___________ ___________

arovII -od j 4 i ____Id-V U1



[NOR T 4I AM ER ICA

Z Exp lover 2 ,

1~N

iAll

-Fig. 5. Geornet.ris f o-r Fig'.4

I 111,6 -16 13



approach of the, satellite, ze ro at tihe closiest poinit Of appv idh, a-d
po;sitve as the, sateillite moves away. A typic-aJdridt oervo is; shown,
in E'ig. 6.

Soo

U0

0.

o 25Septemhber 1960,

411OK Ii23,6- 1,1240 11244 -111124.8t 111125.2' 1111255S 11126.0

ITimne (IEST)

Fig. 6.i dr/d'tcirve.

The pysicl qsantitisnEq (1 ), ii-rdicate, c lea rly that if the
""lerror teftrnts' ate negligible this, leaves only the first thr'e, terrms.
rBut, at &Omt:6 pbint on each satellite pass, ds/dt Q) 0,o that at this
poit t.qi '(J1), redu~ces to, two ter'rms. F U rthe rrnm-ore, if the hori zontal1
giradiettsit a re lo-w the, 's~cbnd term can, be, egilected andkw*e arrive at
a vye ry simple equation' L

(t) -' - - I

Equation, ((j4)), will be, exammiltred late r in the light Off experimm *enta1 reabilt&

to, check itsa vadiditY.

1116-16, 14



2.Corrections! and Discussioft of the Th elory

Equation, (2Z), was deriveld assulming, that the, higher oirde r ter ms
int Eq. ( , cod be neglecited.i Garriott,' -1"c however, has outlined a
procedure which compensmates, for this highm-frequency- -assumption while,hstill allowing usie-of the, first order theory of Eq. (1). This proicedure
is! simply to kasu m.e, a model f or the eeto isrbto with, height,

-- and then calculate the, error caused! by uslingbrnly One, tem., The,
c~rretton factqr is; then definted

7  S -Ka

where for our casie

H=75 + OZ~ 4 mthe asmd s~A e height,

N0~o t tbe electron, density at hr--,, and

R t rnagnetic f ield as given. in, Appendix IV.

He re, Xol is, a convenient pa ramezte r whi~ch 'dps ah calculation of
Ny to arbi"trary frequencies. 'The calculated correction value for Y
ve rsus height wasa cormputed walsing9 the f irst five te rm. of the binomilal1
expansion for 0. The, results, for selveral values, of X0 are shown in,
Fli. 7. Using Fig . 7 and tonoQSQX-nde data, it is, possible to find theI cotrrec-tion for negle~cting higq w-de teLada oecre t for
of Eq. (2)) becomnes

(~6 ~=Ki PH cosw,

1116- 16 15
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h Startin'g with Eq. (116), Eq (1cAn now be, w ritten,

(('l7)~~~O + - dda+M r O ,

xAt at)N~8 h

Jdi+ (MS M 8$N-

where -from the fistAntanleous application, of the, mean vallue, th~e,oj
when N(h) i# s#Wfed, the f~blowing are defined

N.- d'h

amt

~'Ndh

and

a~a M

Obv iusly artif itcatn e s th w d a el shmognoa y

then te brackete ngathive errmtor- term in q. (117) couldan bengece'

1 1161:6 17



which elii*'atels itWo0 terr ~ froi jt.qi. ((7),and yielda, at the. pant
where didt 0

(Ql 8  xL. ~ ~h 8)h
Kdit Nt d)l\Nd

at \a at

As, previ~ousily idialeuaxed, aM18t, is, found f riom~aisuming Nfh)) a -,nd
integrating, the, pr-oduct MN, to, the atelliehih ta~ int&~.T
pirpceur is lon a4 a~)m t be as ied thum; if the negativ t erm
in (18)) can be, neigleceted we can avoid this procedu~re.i

ao typitcal Exp loreir V11 near- pass, the errortr~ofE.<8
is, Plotted AAA perreentgoe of the f irst te rm ax-d asr a funation, of height

in ig 8 ~ thi ~kultinthe ele'ctron deffnity dist riution wais

F0- ' Il I L -

I K L

I qlI

!h_ hm ,i Kilo6mters

rig. 18. aM5 8t v'jj 16U/a~t.

6: 11 , Il



chosn a dicused peviusl aChapman distribution with a scale
heigt of75 k belw h and a. sicale-height, gradient of +.025 aboveIithe maximum.- It is deemi i n Fig. 8 that for typical Explorer V11 heig hts

(0to110:0 ki)em eo trmn is; much too, la rge: to neglect.- Iti

necesary, therefo~re, at thesteheilghtsi to, choose axi electron distri-
butlon, in orde r to, evaluate TM/18t 'This, procedure introduces. an
inherent error slice the, assumned N(h) will probably not have the same

-form as the actual Nfh). Thus, the finalI form of the first~order
equation relating the inteigratedelectrlo.n densgity a&,d the, timne rate of
change of the pola riztion: plane at the point of vrea reat approalch. and
at low zenith angles; ias

((1 IN NH= ~N dh = ~ *

K1, W/tt

where 'T is, fon xer n a ndl isidefnedl in terms'ol the, ratleof
Ghangeof poia rization rotativon, as

T -
do dedt

3.i Th-e -Two-Point H14igh Passi Approxinnation,

EquatiOn (19) will yield a numnber for NH which is silbj'ct to,
errors due to small irregularities in the ionoaphere.i This is, an &&~
vantage if these irregularitiesi are of interest, but the instantaeous

value for NHq may be sharply affeceted. Therefore, it is often advan-
tageous to ave rage the data ove r A pe ribof a minute. This, is, donebajo fkellow s

The value of e its givexi, at time, tv by

jj

Iat tim-e 't2

I I

It116- 16 1 9



or-on taking the-difference

Thus, by working with two po-trtsa at a high altit-ude where NRH can 'be
assumed to be cionstanit with height, we have a s ple eresion for
NH,. The data used are the nannbe? of raLd lans ilchangeo in the measured i
!Faraday polarizatilon rotatiobn, i the, timm e interval, t2 , Here, agai n,
the-data are used near the, poinht of Cl10-sest approach, avoiding

vertcal n~ges o gretertham, 40 frani ze'vith50atomihize
errors due; t,'o path- ;Bpilittif' atnd ref.rattio.

M. EXPERIMENTAL, RESULTS

1.htgrated Electron, xi*ity tothe Satellite

Figure; 9 shows a loithi ecording, of the re godar Faraday
fades due: to, t'he polari zation rotation of the Ex-plore r VII satellite as
received by two 0 orthogonal dip.)olesi (see Appenidix VVI ata frequency
of 11,99:04 Mc. - The pe riod betweemi ea ch, mull is,) T L, correspondiIng tolI

thetim elpse fo a hage of w radians, in. the pola riat:o plane at
a particular l1inear antenna.- These valuesi of T repreaze-t the elxperli

mentl dtaand heymaybe foun'diaa £1ci~ ftm ssoni

'Using the values of T at nea r approach for 28 OverAhead pass&,ea of
1959iot Ithe integrated electo denisity, NH,, Was, found by Eq. (9).

The re sultsa are shown in Fig.i 11 alIong wit the vaueoSmXa
Foirt Monmo uth, New Je rs'ey.- SHma is the intate d eeto est
to the maximulm of the, F2 laye r. Fort Monrmouth, is, at approximate ly
the same latitude as Golumbus, Ohio,, but Fort Monimou'th is at70w
longitude, while Colum bus is at 930 W long itude; thi's roughly rmeans that
Fort Monmouth is 0.6 hours ahead of Coluimbus in termsaof diurnal
solar position. This fact must be allowed for in examining the Ft.
Monmouth tonosvoundine, data;. thesie corrected data, however,, will nt
generally yield, the saire data that would have been found at Colum bus,
-direictly.- The agree ment in, Fig. -1 howeve r,, ig qlite good, and,, in
fact, a c-rosiis-,correlation ,of +0.86 is-obtaind~ bet-ween S)Hmax and NHl
and thesre data are present;ed again in Table U.,

r~,6-- 1l6 20J
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Another method of prestenting, the results: is, to show the values,
obtained f or the coumnar electron, density to. the satellite,, NH, and
the, corresponding, values, of the columnar electron density to the F2

mAximur, SH~b.ax,, as, a funct.ion -of the tim e of day of the occurrence.
These, p11ots a re shown in, Fig. 2.Tihe smooth curve sdrawn thro.ughi

5 - - -----

\I, Ii

I 1T, 8 0 0 ) 
N~ I

_/1_ L___
I - r I

Z, I IF

W 6I __
___ 1" 7%

z __ __ __

Feb 11,

6W Sep:1 *00 1m0 -Feb 1600 ,80

the,1 results_ in____ Fig.___ 112 hwpacial nidnia arito nN_

060 080 -00 -20 -10 --- _f-0 160 80
Eqsd:ern Inndr Tim -.v nowm

Fig. 12 IS ax -i ml as ae ct the vatie o day.

by Ross,3  w hic h ha s a n inc rea sing NH in the hou rs 1400 80:0, has Qt
been~~-y veiid R__s h- hypoheszed that w hile the ionization, be low

the maximumi decreases, duaring the se hours, the total eliccit roi cgnte nt,
expecaiakve the rnaximm IM-1ncontinues to build imi.

I, m11-i6 24



t. lonizalioi-above, the F2 Lye r Max im um,

[Another re~udlt of interet is, the, ratib Of6 the tatal electron, content
albove the, F.- mnaxirn- rn,- to that ibelw. 'Th'i. ratio, is prestented in, Fig. '13,

8.4 !L01AL

62 Jl - - I__ A-l ~

Fi.~ 1 * IN N.
as a_____' function _ of ____ ________ __dyfh_____e c ,, ii 1 il st ae

maxmmunat nytim leofday.Ti re 3 shay EST -g ato

as 5. duringno te f da of thour, 5. Fgure lsrae

during the e'vening. Theste results are slightly higher than thiose
reported by othe r inve st igiator s. Eva, - 3 flor example, has reported,,I NaNb 3 r les t 4;Bauer and tne - 3 6  3 to 5. thilad

1.5 to 2.5; and Miliman and Sandeprs,3  3 to 8. It may -- K't-et

,fQur points in, Fig. 13 lie abiove a ratio-of INaNb, 8

11116- 161 25,



3. Eqi~ivalexi Hights of the Ioaosphere

The equivalent hxeights, as descrabeid by GArrikott,.6 were! found
~i amthd O 'rpa ris on,., These, equiva-lent heihtis,. Y, are -f und

by taking the ratilo,

Nnmax P

which yields the, he-ig of the ic6m 'havingacos'ctQ1Ooe

sqiuare meter and a unifarm., electron densdity Nmax, but which-contains,
a total number -density of elecltrns, tihat is; e qua I to N Slax 'Thes
equvenhegtarshwni Fi 14 as a function, of h- ihma

the height of the, satellite above the, F 2 ma xim um. Figure 14 shows an i
average equivalent heighta of 305 kmn for the 2S8 near psassesS anailyzed.,
The theoretical vallue of the, asymbrptotic equaivalenit height is, 217' km

bsdon the assumned ChapmAn distribution, aad the assum ed va riaition.
of scale hieight. The values obtained for 'the, equivallent heights, Y,

fudherm are, approximatl 75%i hihr than thosae, f ound! by Go r riot t.

However, magpetically dist-urbeiddays., which usually yield 'hi gher vlues
,of Y, w'r o lmntdfo hs aaa hywere in(C-Garriott "s,
Work._I

4. The Effect-of Mgnetic Disturbance on, Nal

An attempt was, made to car re late the va luesa obtained f or N1i-4 1
w it h t he inv e r se of thIi e 2 4 -hour a v er avge of t h c ma gnet ic K in dex.
This apparoach followe~d that of Rossa, but tiopositive coarrellation was
shown, in fact the cross correlation had a value of -1O.24. These
values are also included in Table I.

it is pointed out here for claity that while NH I aenl, is, xotI

affecteid appreciablly byrmagne'tic disturbances; this, does no t m-ean- that
N is not affecoted. The effect may arise, at a spe-Olic -rage, of 'heightis-as

p~grturbatiam; for example, Nmax is shown, by Garriott' to vary with'
the magnitude, of the mnagnetic disturbance.-

5. Tlhe Ixntgrated Electron DNmp~lty from Lq-ge rI
P er io ds of- 0 Obs, @Ic rv-at ion

U-sing Eq. (20} the values of NH. were recallciuated iniorder to,1
compare, the res,41'ts, with thoI-,Qse qbtaivive at near-appoc by Eq. (9).
TLhis, me tihod' hmsi the ad'vantage of integrating Out hovrizontal irreigularities I

111i6 -1 6 26
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in the, ionamphere up, to 50 or 10 km in extent whemn an Qbservation
of one minute is used. It also, has, the, disadivantage that errars! due to:
loical e'ffect, And path- splitting are n, t mini.m,ime~d Alslo, ler-rOrs ini~I satellite paotan Asia function of time oft tend to yield erratic

results.

ITlhe colurnnar or int~egrate~d e-lectron density calculated using
Eq.- (210) is plotted in Fig.- I'Sa a~N.Also pil tte! are the instan-
taneous values of NH at near approac arnd a theQ'retical v'alue NT)W.

The heoet ica 1 valueNT'H,, wasi ac4te' ;oQm, the iooounding
data at Fort Mim o.uth an,d is, )given, by
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TABLE I

TAIU'LAR REtJLmTs OF NEAR P'AFS'F, 'O .EX'P"ORER VII

t19 Stpt 60'O 1434.4a -S 44,0' 8., 13 1:0"1" 953, A 1l 8.' , 7-2 x ~ A 1x' .8'1

23 Sept 121591. 1 4 5,315 9 .07 '10,' '&9;-2- A 'j' . 62.8P'' o × 1'0' 6 1

4- Selpt 1236. 1-.- 1530 '.6.,.71 '" 814"'
25 ,Sept 1Z12,3, .4 '56' - .50.O609) 45'.55> 1' 5,55, x 110'f',

27 Sept 11,248 .9'600 .00:0 42.31 x 110"' 3; ,1-3 "'

'1 -Oct ,0949' 3- .4 7110 - 01313 48'01 x 1',0' 4.8',0' x'0" * '

3 Oct 70941 , 740) 6.02 x d10'  I00 .0370 Z. 3 × 1.0* 2.62 1' O ,'

7' oc-t 1433,,1- a , 460', g8.0' A 10,6, 9,2.11 x ,'0 '0l1'89 .62.6, x 1'0" 6 .1' : '10

I 'Cott 1122'.0-; .1' 6.00 - .01769, . :9 A .j9 x '10,0',  
B).,25, x 1,"1,

21 'Oc-t 0:8618..6- , 2101 3,;5'4 A '1- *  10z' x 10, 06251 44.8 x10* 331 A 16"T

17 'Nov 1 810. .1 490, 3.8'6 x V* 8 71S x 11,01 .03'8, 2j1 2' x 10 2.2) x'82 A0"
'

'8 'Nbv 1,4'6.'le. 1 520 2.L4 x 10
'  754 x 1'0 .0667 1 .4 

' 
10 ' 1 86 X 1'0" A'

T

2,6 'Nov '1433'i.' 3401 6,. ,41 x 10 's 111' A 1"O' , '6z' -3,016, x 10'-  2 ,&& x 1O "'

248 Nov 1'345. . 8. 340 1;&. x 1',610' 1406 x 10',0' .02,94 36.2 x 11," 1 .312 x tO',

7 'Dbec '1-714. 1- .1 1506 8.012 A '1OA' 1323' x 10 6'4 76 116. A'S x COX"

,,a ',649,.,7- .8 4201 '12150 32,,.6 x 110"
'  6.418 x 11"

'

9, Dec 1-6'5.6- .7 4101 .06,115, 48. ,8 1'0'6 ' ,5.,1 x Idol

.0 ,De 1,6011 .4-.,';5 43,0 '6.8-3 - 1'6 1,112 A" 1- '142'9) 36..3', A 10' .  683 x ',0o"

12 'e 1 5 3.-. 112 4210 m..71 x A0r 1'-o ' A '190' .0-51818, '5. S x '1o6"6 168'.82 i C10

22, Dec 05'52 i8'- .9 35.0' .7-5. >1 16" 1 38 x 119 z0:61 -5. 116 x WO 48''
1 jan '164 '0855. 3. .4 310 6.. 7'9' A 110" 11017 x '0"7 ' .407/6 2,.,6 x IV' 2. 1o0 x .10"'

3, Jan, 0806 ,16- .7 3,21,0, 3,.46. x 10 '' 1.033 × 109! .07169 ?22,.8, x A _ 1." 3 ,x.6 , 11'

4 Jan 0,742.3.-,4 2180 2'.70
x 110" 4189' A '1103 .1.00:0' 139 A 

1' 6 ' 1432 x
'5 Ja&n 0719.7, .8', 320 1'.66 x 10'O 433 N 10 .150 7.1120"" 4.31' X 1I0I"

6 jan (0655.5- .,6 3'O 1.7 ,0 A r14'"' 227 x 1',0' .047 6  4.78 X 10's' .'52-0' x 1',

7 An, '06,31'. .3 31"0: .'558- A ,L ,' 140, - 1,01 .1667 5''61 A x1'0" .964 x 1'0 7

14 J'&n ,,42. 2- 3 400 ;.818, A 10 r 6 1,65, x 491' .0667, 5.35 x 1'' .611 Al '10'

1-5 ah 213'3.2.3. 710 .72 - 14'0"' 2OG91 x 1101' .,166.7 , ,1 A 1, 0"" .3448 x 10"'

,21 Jan '90.1-Z '690' '55 " 10's" "" 212 A 1o .0.313 12'99 A 10 ' '1 '57 x i1t0
-2 Jan, 1842.8,- .9, 800 ,,71 A 1 AU" 4115 ,,0' .0500' '17, x ,"' 4.11 x

23 'n '1'18.4. .5 79:0 ,Z. 7 x 1o'(' 399' - 110' .05,16. I 1 '9:8 x 1,' 3,. 34 x

28 Jan 2323.L8- 9 55 63 A" 10' 139 A 1-':0 .'0555 ... 561 '0"'

31 Jam.1,110'.7--.s 5,20 .61' A 1'* 117 x 10' 4.11 4 x 16' .364 x 10' '

1. Feb 28146.4- I0 1S - 1.0." ' , x 1,09' A44' .0,9409 1 4 39' x 410 . 43,1 14"A

8 Feb 1334. 0- . 1 810 5'. 716 A 1'0"*' 852 x 14"1 .,0,71-5, 27 ,'89 x 14"' .. 15 x 1',,

10 'Feb 1245, 2- 3 7W9 - .33-3 .216.77 A '1"O' ' 14 ', A

'12 Feb. 2 .', 810 4. 9,6 , It"' 1603 .0.833 42'. 30; x 1000' 2.69 1x .,'

IZ Feb ,1"156., 3- .4 8 30 4.'8 6 A 1"0r  917 x 16, .0:833' 'i'(6'7 x 1l"'' M,1.,60
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NTH S:_Hrax + Nmax

where

-16

and

SHmax, N max and' hm a ar e de rived f rarn theinO~unigd.a
Figure --a shows a maximmm dislcrepanl-cy on the order of a facto'r

of three.o Ingeneral, it its felt that the discrepancy between NH, and
NTH arises, from sharp deviations, in, the actual scale, heights, frorn
the assumed valuesg. A method of resollving, thils error mn-ust be, de-
veloped in any improved m_-ethod of Analysis., Any larg disc re~alncy
betwelen NH, and NHP arisies fromn eitlher small_ scaleirgurti
Or e r rors in, the exact location of the, satellite as a func-tion of tithe.

Figur lbsoste sam e re'Sults as shown 'In Fig.a aec~
that the ratio , Qf iorizatio-n, above. the F- maxim-,urm to, that below isi

Plotted.; for example:
N4 _sHmax

RP Sflmax '
The results of F ig. 1'5b tend to, accentuate the, disc repanc ie&s) show n

in, Fig. 1Sa.- RTH and' RH agroe within an order f th.-ree, but, quite
surprisingly, RHp tends to give 'larger discrepanle s in, com pario
with RTIH than RH does with RT'H. Thi tenst niat hterr
In satellite position, lead to more erratic results, when the observation
period is longer becausie the large errlorsoccur near a maximumo
minimum in 66M/± and Qne rust wrk with a small difference of ULrg

_.- - M _ __ __ Ie
rnmbers., The, aveage, values of the ratis are

RTH 4. 16,1

RH 5.5,5, and

'RHP 639

4'1- 16, 30;



6 . Fi rat Order Dete rm ination, of NIS

JWhen one iookfa at the fitrstorder equation, for the, time rate
of chanage, of the, Far-aday pola rizaitikon rotationi usiog, the, optical lif-e

-- ~~~of sight-, rp asv the propagAtion path,, the mtetclreainhpi!
nteiglectiig, the, terrm, v i 1 8N/&0t:

dt -a aINN, + NS!MS GO cdr

*-Stnce wle cart only -Measu re the ,maggnitude

140 i' dr
(22) ~ NH + N5'M 005'

Since( in E.(2,NS M , d Cosaealways, pasitive,; t'he
signt of each ter-m in Eq. (412), is, determ-,in'd, by 5M/4t and' dr/dt. The
timeiv rate of change, of rage drldt is alwaysativ on the approach

of the a -Ltellite andpositive on itsi departure6 as was Ishown in- F1ig. 6.
Thus, if 8am/8t is, polsit ive we -can expe ct the rhmagituide of -dO/tdt: to,
becomfe ze ro at stoMe U-tinne, ais the, satellite approaches. - f #1M/%8T is,

* negative, the fda/dt ' null will occur during the departure of the satellite.
When B-M/Ot ch-anges sign duringr the pass, the 40d8'/dt null posaition i's
not readlily Obvious and the numbe r of nulls and the position of the nulls,

*H - ildeen onwe M/at changes sg, and whethe r it ichages f rom
positive to negative or negative to, poSitive.

The result of studying this Id/tInull position is, that it yields order-
of- magnxitude information on the ratio of NS to N.H. In, Fig., 16 , three
pases illu~st ratin~g three different castes, are shown. It is steeni that if

> 1O~ hen 'the nuill pon Qccurs, esslentially at the closesvt
point of approach (CPA).- As, this ratio, becomtes, less, however,, theInull can occur either c'onsiderabIy befo~re the ;CPA, or after,j depending
,on, the sign of TM/O't - Thus, iunder the a~s'urm-ptions involved, NH/Nb

may e fond fom te Id/dtInul position, and if NH can bhe determ1i,

then NS is given directly, again, with many assumptions involved.

Figure 17 shows th~ agreement on'e obtain-,s in sigEq. (19) toI ~ ~~~~ fin NH and Eq.- (22), to, find NS and then com-paigthteortca
com-putatikon, with the, experimen1tal data. Fg'ure 17, 'howevexr, shows:I poor agreeent. Ft'r work titiorporating path-sp litting, and
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refracti n errors, should provide much dC oserI ageement between the,
ej xpeiental and theoretical curve: for jud0//dt at thet'rres way f-b
the null polnt

E. ONCUSINSAND R'COMMENDATIONS

Values for the in tegrated electron, density, , to the satellite

may be found from ngl-fuc :satellite, signAlls. 'The accuracy
of these values; is immr6rved over our preVious , method ,by (( using a-n.
i mproved geo magnietic field model, L(2) using the mnean, value of the timme
rate of change of the, n-agetic f ield com ponent along the line of sight
instead of the mean, value of the. componrent itself, (3) 'hooslng only
satellifte passies whoise near approach, hasi a zenith Angle, of lefssa than,
30, (4) evaluating, NH only at the closest poifnt of approach of the:
Satellite to the obaervatiori station, (15) using digital corputer techniquea
to-obtain the, satellite, position at small incremen'tsof time, anvd [(6.) I

corcg for higher 0rdertem ignored in the analysis.

The values of NH determined at Colunbus,- Ohio,, co'rrelate wellj
+0..86 , w ith SHmax, the inte grated ele t ron density to th e F layer
maximum, determwif.ed by the National Bureau of Stanidards, at Fort
M-0nrn uthl N-JeT Also, the Ave rage V'alue,# Obtaineid foir NI, follow the:

average vlues of SHlmax as a function of time o. day amddo, n'ot show a
late afternoon build-up in NH as, shown, by Ross ,29

Experimental values, of the electron content above the F2 layer I
mr-,Axim um to that below show that karge ratios, ( Na /Nb =6to 1)can
.ccur at any time of ,day and not. just during, the evenng. The average,

diurn-al values, however, are slightly higher i te evening. The average

value~s obtained here are gceerally higheir than tho.se obtalned by other
inv~etigt9ris usiniig simnilar or other methods. g

N. correlation of the exprx, me.ta I va We5.s o~f the ntegrated e lectront
denfsities, to the satellite could be shtown. with magnetic disturbances.

Values of integrated eletron density., N.H'p, obtained from a
loniger observati-on perilod of one, rinute as Qpposed to six stecond's,
tended to give more erra&t, results. In fact, e ror's in the satellite
poolition as a function, of time often showed up in these values as
extremely la rge va les, of NH. The, need for more accu rate, tree It
crre4ctions to satellite pre dictions ade obvioub S ts clulation
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Values, fo~r the ,ele~trono ,desty, NS, at th .eight of the satellite,

can be foun.app~roximately by studying the point in time where the
'I ~ ~~majgnritude o~f the timae, rate o~f chlange of the Faraday rotation, d0/t ,

Syield, a, null position in,
at nea r approach.- Lowe*r va lues of tihi ratti,i reta rd or advance the
position of tihe null depending on the, geom etry of the, satellite pass,
The accuracy of f inding N S depends, upon the, accuracy of f.i, nding N H
and accounting for variations in the ray path, f romn the satellite to, the,

j ground, ais a fuanction of the satellites pas ition.

This report consti tutes, an, improved look at the analysis of the
Faraday ;effect as applied to ,atellite e'mssions. Yet, tihe.complete
analysis of these satellite sigals over long periods of observation 11i
so, complicated that this, report is intended onliy ais, a preliminary
exam ination of the ove rall proble m, of obtaining electron -density
inforzmation in the i-onoslphere from the satellite, sig nals. Specific
i mpirovements that must be made concern (1)) a more accurate deter-
mination of the satellite loication with time, perhaps by using inter-
ferometric techniques, (2)) a better physical pictu-e of the, refracted
ray p.ths n ormally encountered as a function of ionospheric conditions,
and the geometry of the satellite pass, (3), a corre'ction for path -splitting
,of the ordinary and extraordinary rays,, and (4)) more dive rse raw data
representing various geographical locations and -different satellite
frequencie s since theste introduce new known parameters, into, the
analysis and obviate a knowledge of the satellite antenn a position.

The rate of Faraday polarization rotation -of satellite signals,
provides a sensitive tool for studying the ionosphere, especially if the,
frequencies of emission lie just above the maximu, critical freque ncy
of the ionosphere. The integrated electron -content, the electrooi

,density at the satellite, and the exteat -of ioospheric irregularities
may be found coniveniently from this rnmethod once the, methodal of analysisl

and ty pesa of raw data a re suitably t mpro ved.
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APPENDIX I - DER.IVATION OF vth PRcOPAGATIONI

v CONSTANT FOR AN IONIZED MEDIUM

-This Appendix follobws the, previous, work of N-ame and Stuart.49

I n the de rivation, the M ediu m is, consdide red to be co -isi fr and
spherically stratified with, respect to, the, earth.

- heeuat ion. :of,- ation, :of a chae p krtikl21n, a nagne-,ic fi-el
andan eilecroiw, (ec field is ie by Newton1)P second law

(23) FeE+V X __m.

The force produced by the magnti -il omponent ofteimvayn

- elctrmageticw~ae, he agnetization, prodie 4 by the electric field,

and any poljairizatio rod(Iced by the, m i-o r- -- agnet4ic fie 6lds are, ne glgeteid in,
- the f'~lwig~The coordibnate systetm isi choseln as ishown,

in Fig. IS with the, muagnetic field, 1ying in thie Z~dirreati an xd the-

'/3'

1~b
VY/Z Ez z

F Fig. 8 Cawrdinates system.o
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diecin fprpgation. r of the e1ctre-agnetic wave chosen to hie, in,
the x -z, plane.

- - -jwt

On ;,sumvn4,1ng, that E and V a-re of the faor-n! E E,'e and
V A Eq. 23) becomnesi

Y - V

which yieldsm for the velocity cpnet

-B E +(jm/)'
(Z5)i v n-\

The, Above Eiq.(5 showsl that Vxan V. b~come infirite as, thej
denomin-ato'r g oes to: zero.- This xnguxlar f'rqqn

is, the, gyromagnetic frequeicy and this resonance ocirs, for typical
valuea of the earth's magnetic field, at fy-, 800, cps for h-ydrogen, ionsl
and at f=H 1 .4 rncs, f~r elect rons.- T'huai, at high frezque ii-cie s (3'-30 rnm cs4

QDiy theefetoeecrnnedtoecnsee.
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I Ma~hxwl's ,1 fi*rst ciar1 equatit narin ciaing m oving

e-c~rsi m-ay be, w rittena

((21)V7 H + NeV

p By sbsttu tlg, _E -s. (2 5 and (2Z4) in~to, Eq. f2l)

IeZ z ( e

H(9) i 0, H =

whe re

Eqilation, (10:) idefines the tens ~ ~ 'mtiiyOrdeetiicntn

dyadiec which results in~ the difference, in .direletiolft of E: and D. This
tenspor has b'een, prelsen'ted 'by many authol's, for examnn-ple, Whbitrie r.
If the maignt ic if ield is, remonved the axiistot ropy ditappA ris and the tensr

prrnitt ivity reiduces to;

I where fteo, e the piL, fre.qiu.ncy.,

4 16, 4 3



Maxe i's ~ ~l eq atoi~ fobr th, -de ti*me devehdlence ist

N.1

where E.,or ouri piarpse's, has the fiori

Froam Fig 1 the, priopagatikomm cortarit Y ha itmm Iett
(35. - Z' +Y' , * x an~d -iit vectorrs

whe re

Y' x sin and

Upon-equating the comnpoaentsoE.(3)oth sttik oI

((34), (35), (3,6) and (30), and not'c.. Ex~ t 10, we obtain

k~ a; 2 zxa 7- 7a 6
2 X2'

S E = 0
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[ *~c~ 5 * 0) 40 sinocos4, El E1  0i E~ 1
(38), T -Y1~ ~ ~ 0lE I±II IL 9'~~~sinm,'oso, (0) 1f) EjL E 3 JEI

on, ctl li'ectibi 0 i

above cce~ QariF'a nioplex cOnj~gate e'lements; situiate d
symmetrically with respect to the prn ipa iago- al; therefo-re it iis,

-,--tin.te de'rian us: assrnie d [by A MIeritian fo rm a re,
always real , and in, this, casie the, cof~4i~ dje rmunant is zero.

Us-0"igthe fact that the-- detlermin-ant i- , ca -e sovd ,
in terms of the-ther elements- 'The resiult is

Z ( 2 z2
(40) 'l'X + I I£ E s sin,~+~ co II

which ~ ~ ~ ~ ~ ~ ~~~~+ is th 0xrsso for th rpgtincnsa0 fert m ei
wae in an ionze 12C'i S~itm th s~mto iv L hI(( dervaton

I+I

I~ E16 
1 
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APPENDIX RI DE--RIVAT'ION ,OF T'E FAR'ADA Y ROTATION
EXPRESSIONS UNE H US-LN 'TU NAL
AND) QAUASI- T'R-A-NSVIE:RS'ECN IIN

I!.~~~~~~~~~ oaiaia ndQai ogiuia pgation,

if the angle, , between the directin, of ppagtoanithe,
steady magxetic field is saUal, t'he, prpagatianl conistant, gjvea by

(~*(40)~ reducesito,

((411)) tZ P {ik E ~

Slanee it is aisisurmed that the ionoasphe-re is 1Loassllessi, the, p~ropapgatior
consatant rnav be, -(e~~ -yte phscosat

(431;- 0~E 1  le ti cyo"O I'
When# 0, represstwo-circularly polarized waves progressing
in the r directionl', as8 sh~qw in F'ig. 1,9. Ofi ass;umn -g tVhat the waves

teai cwd~ypoJariz'edover the range of for which JEq., (43)
applies, it isiustefut to idevelop a general -expre-&sikon-for thv chang in
the, polarization plame, per, nit di stane.

As illustrated in Fig. 1-9, Gi -- itdr afad 0. 01 dr, whe re the
'subsc ripts arnd 2 represtent the two. .soutiotis, for IP. The diffe rence

betw~ theabs~ote agl r rotations~ pe r awni ldisatamce divid~ed by 27

(44) d8

r'epresenits the angular inacremenat Of the, rotation of the PUa.e o~f
polarizatioti ove ra distanice d-r Equation (44), can alswo be written, as

H 16116,+



[X

(46 IN_-IIF t

Ne2  - eBCO

I I_1 X2

(4T) P,1z yz7"o x+ XY"
8 L
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and

(4,8,')) D q s. -) Ind --48 )al

.2 8

'Now on, imsrting, the physicpvaol GensitAnt, the fo~oige&ais,

FNow integrating Eq. ((50)) over a givenh path, of jg ngth R, the, total'1

rotation, of the, pollarzation, plame is

Sit CE 2f 2 Qi64~ 4 Enf

Now let I

GE~~rn~ 64~ 4 c

tlheen Eq (*514, can b-e wrikttem

(5 ) e N~~114 oso dr + SR Hc cpr+.I

Utlsing Eq. (52)i the anmount of polarization rotation (Farad ay eff'elctY of
an f'electrormagnetic wave in an i,6nizted rtytdium can be coxnt, e where

th ~s-ogitiudinaM condition holds. The, iquali-1onzl~,itiudiiia cond'ition,
'hol'ds where Eq i (41), appri mates Eq -(40) to, withina fe'w pr~i
for the iptpaatiom, constanit.

~1 - 6,i 6 48



.. Transverse and Quasi-Transiverseg 'Propagation,

[ l~ ~'i~ ear 0 dgre s,2 , (~0, anid E. {4~bcmesa

{ E 1Jj + l

IIthe, region, in whichn this eq to apox 'tes El.' (40 to within, a iew
percent is known as tihe qusitr&s e~e gion, of propalgation.. In, the,Spuretransverse case,* 90

(34) VvjWlP 'C u

and

where the wave propagatirg with propagation cionstant Yi, ils knonp
the ordinary wave and, the wave propagating, with constant Y Z ils -the,

ex-traordiriary wave.- These two waves, are orthogonally lentd
linearly po1arized, waves travelling at different velocities., This i

illustrated in Fig. 210. As the waves progress fro m a commrnon. Qrin
the resultant wave 'beclorn es fi eqgenice) elliptically, circularly,

- efliti£aJly, amd liniearly polariz.ed,, Thus3 it is seen that the pian of
P.ol1-arization cani r~tate for the, t ranovetsle case.

A- A measure 6f the armouvit of rotation that can occur under the
,q lta~sese ondition icaxi be, obtained followingz Baue r and Daniels, 4'

if the two comnponentsg -are Aasuormed to be circularly ipolarized, then
f rom 'Eq. ((53):

561) P - "A' _ in

I lxpand Eq. (5'6)) by the binornial expa.sion, and taking th e ferenve

between- Oi a ftcd'P2  2

_ 0_2_N__ _e B, sjnWl'

4 4Cml Elow3 d

I 1 16 - 16 4.0.



where the req -ny its considered high enough torieg1llet the~ higie?
orde-r t'ermn, s in, the expasion. Thus, the, po] rizationt rotation, m~ the

qrasi-rsversie, case Ps give by

--- 7-3,- - N BZ sn 2  (dr

ii



40

id

Iw0

W.

1 L6 - 16



APPENDIX IIIIT -GEO)METRY:OF A SATELLITE AS

A problem., which, arse romn preditiors, of satellite posqtkon,,

is, the-conversion of satellite, lattude, 'lonigitiude, aI.,n-d heigh-t to azixmuuth,
zenith ange adrneathe bse rving stati Th 6iiiu sapy

Ot East Iong itue of the, sateliteg,

*z North latitude lo t e s'ateliiite,

(0 Ea t longitudle of the, obse rvation. Paint,

02=North 'latitude of th berai~point, aind

a, radiust of the ea-rth ± 63,1 kflomete rs,

t ceirtral aigle, 'betweten earth radial ines, through-! satellite
And the W o -vation pafnt (is~ee Fig. i. I)

'The, folowing convenient quanti tis ar Reid~

WT- -- ta 
I~LP

+ la _

A a rc ta( ~si
oQls T3

B ar tan'K -sin T3 ,),n

11 1l6 1 6 -k2



cosT-_si___

jI' co-s A clos T2z

'tvsl-ng, the ablove qganmtitlesi, the, C-trtrala a-1gle is, gxvem ib y

(9~~~=2 arc tanm C;4

the Vertical angle. (or zemith anale, at the ab wervati oniteeFg )

is, givell by

((644) arc tan'T
24

*and, the ranmge is given by

* ~ ~ 61~ ~((h +a)s('

* -~ ~ ~ f~r !sn Eqs1., (2- and (3,, i.2~ hw th ai~t and ertil1~i

curves; for tlhree saiteillte, heights at C7*jum-fbU'aj OhiO.
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APPENDIX IV ,AN EXPANSION OJF THE EART'H'Sf AGNE-TIC FIE LD,

Ant important fa ctor in dete rmiinng, the, F araday rotation of aJ satellite sigmnal is a knowledge of the rn-agoitude aniddirection of the
magnetic f Id along the propagatnon pth. Furthermore, when the,
rate of FrdyrptatiQfl is of interest, the relative magnitudes and,iidirec-tions betweren two points mhust be, kriown-quite accurately. 'The
earth's magnetic field, therefore, waslexpanded in spherical harmtoniceI

-- using, c efflents, which match mneA*&red vt-ues, of th mgnetic field, at

Ithe earth's surface. The formulationi of the expressions, used were
Oritinally those of Gamms, 'howfeiev the. recent work lofjones8 and Melotte'4 2
IFS used diretly.

Assluming no siourcesi of the rmagnetic fiel extermal to the earthg,
the magnetic poteatia'I expressed4 in spherictal har-moomic-18 isa )givolen Y:

00 n

where in a rigrht-handeid system of goeti Qr~ae

V mgn1etic potential

a radiuls of the earth

r the radial distance frorm- the center of the earith
toe a fie ld point

LX latitude

Hn Pn (cos B

n '(co'm 18,) the ass,9ciat d Le ndwre Poliynomilals,

1 e geographic glttd

1 111116- 1(6 r7



'01 andli h the constant Gausslian coefficientsdtrid
from, surface, magnetic data.

The mA gneltic field co,mPonentso a re, fou d f rom the dag k~
potential as follows:! the northerdiy eomnponeant is,

00 av, n+2 M

the-easter by ciomnaponent is,'

4(&) 8*z =X MV H mn cosm in mO, n o

described ss by theevetos

atken f~wrdom h exi ~koincn etn 4  h ofiinshv

per oeter)).0,)),

arid vate of Mi abe he inFge sa r" funtion of veticafild ais~

dad azl bthrenge for cthree difrnihs

The , uax-ca'aficent ustd hre re tbultedla, abl 11and

ATI

11 1-1658'
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APPENDIX V -DSUSNOF MEAN1 VALUIES M hM,

IGiven, the C'xst orde r equation E qr G., the, totall polarizatio~n
rotation.,, in-, the formi:

ft is, of m-t ret o parate, thie ertde~cr n, est t he

IN N d'h,

~m he eiain~gfu nctionsi order to Sbve, for- MH avericf

Ata a iile frequency, the rnost obvious, method o.f aopshigti
alepa rationn is by the -mean value. procedure. That is,- under ciertain,
eoraditions there ims a meari vaue- f IM- M, whc x~~dfndby

(67)) M1 Ndh I~MN dh,

&- r, in aviotiher form

MN d~h,

in evab'ja!:iig Mit lha been founad necesssary thhat M~)and Nr(h) b~e
known, gxeater than z.~to and ha~ve continuAous derivatives, for all poisitiveI va rUes of ih. Mlkh) Is kiowit from, Appendix WVand the gecometrica-M
quan~titieLS of Appendix L.Nfh), which, in general,, is a. diurnally,

sesoaly, anjdsuns pot-cyclically vari function. must 'be assumne~d

-fr th is pu rpose. Th ( assuiednoon-ti,me averag distribution. is
Sqh,,wo nr Ig. a it is lb i Pd on. me asu reme nts by Ra.2 S'~e,

the a tua1 N'hji s, knowra to harve a vh axi nmma- wh-ich-dit ltyi



bhei At while mati't~gthe slame, genedal slhape,, It may be iardl the
final valumes for M at re , eltively insemalitive tOb th~e exact N (h,, x,-Lode1l
'asumed.

On crryig out the ca Iculations at Med above using the distri-
but'ion, of 1N (h) sihowj a in, F iig., la, mean valu et', iMKffh 1s)), were founid for
the three, casaes: ove rhead, 3104 from overheadl lo-king, gouth, and UP:O

frmoehead looking, nrtih. The vallues of hs;)) found a re, the same-
&s ~ ~ ~ ~ I th4s tsoearkar aegt 'malled the mmeam, height., Th~e

re sultsi re more mneawThogfu'l if one pThots, the mieavi, heights avsa Ox fn', tio
of tihe aictuad heightsaa as hown, in Fig 213. TPhma, whenieve-r the t~tatl
pojla-,rization, rotation is. known, a represtentat ive, ftigur e, for iNHl-, ma Y be
obtaifted by evailwating, M at the appropriatoe mean hbeight ~oprr spodi-Ag
to the Actuall tsateilitme height, and 'N H is given by

((6,tq)) NH M(4

C 30j

/Aefildo; th AngI,.mear 0

f _ton o _ _ _ _ _ _ _

2 ig _ Z_ _ _ _pavitL sa u

'l I(: 1 I,6



IAPPEtNDIX VI1 - EXPIERIMERNMAL SQ'UIPMENT

I ~The eqiipr-nent usied iia .rdrcing, the radiO rnabsikno
Explorer VII (1:959 Iota E) ise quite sa-m-leI ad! this descripio ay ~inckjlded lonly for, the, sake of ~~lt~es

Figue l4a, ehowsa a, black diagramn of the mas:- n ste M.

-- The orthogonail folded dipoles, i!n Fig. z4b were used in, order, to
separa-te Faraday rotationi of the siiga frM spriu aMpLtu

f ltituations.- This 418 pos si~ble beausie a null on one dipole occaursa it
-the gamne tirne as a peak on, the, other dipole: whemn the sat-ellite isidirectily

overhead.- Thuai any peaks or null's ocu in itane ousyonbt

,dipoleii oa& ibe elinn-i-ated Aaff aplitude f luwt uations .'

The anitenrias are folded dipoles, conmected to 54ohmcaxa
lead-ift cable throu,h a 4 &to- I baiun, in order to eliminat e, aiy current
flow ont the, o.ute t cfdwetor of the lead 'i cable.

Figpue 25 shows, the 108 IMc ierroetrline 4 p exacti y
eAst- west IIn order to-obtain a, null along themerdin 83 VW h
two amtemnasa are the, same as discusseidabOve. The 10 citerfer-ometer

patteriin in an east -we it planae is, sohown, in Fig. 2-4, as Bumrn a perfocItly
c oriduc ding ea rth i

Figure Z-7 showis the equipnet pae ofrceiveros, preamplife rs,
integrating circuitis, and the recorder.- The receive rs used were
Collins, Model 5434, set an, A bandwidthi of 3, kilocycles - The recgrer, is

4-channel saiboitr ith recording es fro 0.2 -m/-e- t
(00, rmmn/ stec.

I1116 16, 651
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